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1. Bound States of δ-Potentials in d Dimensions (5+10+5=20 points)

In many situations the propagator or Green’s function provides a more versatile and more easy
solution method than directly calculating wave functions.

We consider a particle with dispersion εp = ~p2

2m in a potential V (~x):

H =
~p2

2m
+ V (~x) . (1)

We would like to determine the conditions under which a δ−potential V (~x) = V0δ
d(~x) in

d = 1, 2, or 3 dimensions possesses a bound state.

(a) Using Dyson’s equation in position space, show that the full, local propagator at the position
of the δ−potential, ~x = ~x′ = 0, can be written as

Gr(~x = ~x′ = 0, E) =
1

Gr0(0, E)−1 − V0
, (2)

where Gr0(0, E) is the local propagator of the free problem, V (~x) = 0.

(b) Calculate the free, local, retarded propagator in d = 1, 2, 3 dimensions,

Gr0(~x = ~x′ = 0, E) =

∫
|~p|≤p0

ddp

(2π~)d
1

E − p2/2m+ iη
. (3)

(Note: Since the integral diverges for d > 1, an upper cutoff for the momentum, p0, has
been introduced, as defined in equation (3). Physically, this corresponds to the fact that a
δ−potential is an idealization, and a realistic potential would extend over a spatial size of
2π~/p0.)
Sketch the real and imaginary parts of Gr0(0, E) as functions of E for all three dimensions.

(c) A bound state means that an eigenstate localized at ~x = 0 exists. The latter is indicated by
a pole on the real E−axis of the local propagator.

By examining equation (2), thow that for an attractive potential, V0 < 0, a bound state
always exists in d = 1, 2 dimensions. For the case of d = 3, a bound state exists only when
the potential is stronger than a critical attractive strength, V0 < Vcrit < 0. Determine for
all three cases the binding energy, i.e., the energy of the bound state as well as Vcrit. For
this purpose, use the sketches from exercise b) and discuss their dependence on V0 .
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2. The Born Approximation (2+3+7+8=20 points)

The differential cross section for elastic potential scattering is given in the Born approximation
by the expression

dσ

dΩ
=

2πm2

~4

∣∣∣∣∫ d3rV (~r)e−i~q~r
∣∣∣∣2 (4)

where ~q = ~kf −~ki, and ~ki, ~kf are the incoming and outgoing momenta respectively, |~ki| = |~kf | =
k.

(a) Show that the absolute value of the momentum transfer is given by |~q| = 2k sin θ
2 , where θ

is the scattering angle.

(b) For a radially symmetric potential one can carry out the angular integrations trivially. Show
that in this case we obtain the expression

dσ

dΩ
=

4m2

~4
1

|~q2|

∣∣∣∣∫ dr rV (r) sin (|~q|r)
∣∣∣∣2 . (5)

(c) We consider now the Yukawa potential V (r) = κ
r exp(−r/r0). Show that the differential

cross section for this case is given by the expression

dσ

dΩ
=

 κ

4E sin2 θ
2 + ~2

2mr20

2

. (6)

(d) Show that for a Gaussian potential V (r) = V0exp(− r2

2r20
) the differential cross section is

given by the expression
dσ

dΩ
=

2πm2r60V
2
0

~4
e−4k

2r20 sin2 θ
2 (7)

Sketch the dependence of dσ/dΩ on the scattering angle, 0 ≤ θ ≤ π.
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