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1. Properties of the Weyl Equations (4+3+1+6+6=20 points)

Consider the Dirac equation (
iγµ∂µ −

mc

~

)
ψD = 0 , (1)

where γµ are the Dirac matrices in the standard representation.

(a) Construct a transformation U ∈ SU(4) such that the two-component Weyl spinors ψ, ψ̂
solve the equation (

0 W

Ŵ 0

)(
ψ

ψ̂

)
+
mc

~

(
ψ

ψ̂

)
= 0 , (2)

if ψD = U

(
ψ

ψ̂

)
solves the Dirac equation. Here, W , Ŵ are the so-called Weyl operators:

W = 12∂0 − ~σ · ~∇ , Ŵ = −12∂0 − ~σ · ~∇ . (3)

Eq. (2) is called the Weyl or chiral representation.

We now consider fermionic particles with rest mass m = 0. Eq. (2) then becomes the set of two
decoupled Weyl equations. Here and in the following, a spinor without or with hat, .̂ . ., denotes
a two-component Weyl spinor satifying the upper or the lower Weyl equation, respectively.

(b) Show that

WŴ = ŴW = −gµν ∂

∂xµ
∂

∂xν
= −∂µ∂µ = −� (4)

and deduce that each spinor component of the solutions of the Weyl equations satisfy the
Klein-Gordon equation with mass m = 0.

(c) Let P be the parity operator. Show that P−1WP = −Ŵ , i.e. the Weyl operators are not
invariant under parity.

(d) Show that the ansatz ψ̂ = µ̂0e
− i

~pµx
µ
, with a constant two-component spinor µ̂0 =

(
a
b

)
,

solves the upper Weyl equation with pµp
µ = 0, and determine the two spinor components

a, b (without normalization). Show explicitly by applying the helicity operator ~σ ·~p/|~p| that
for positive energy (p0 > 0), spin and momentum are antiparallel (negative helicity) and
for negative energy (p0 < 0), parallel (positive helicity).
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(e) Determine the solutions of the lower Weyl equation with the ansatz ψ = µ0e
− i

~pµx
µ
, ana-

logous to 1(d). What are the orientations of spin and momentum in this case? Is there a
relation between the solutions of the two Weyl equations?

Note: Neutrinos have a very small, but non-zero mass, mc� p for usual kinetic energies. They
are, in good approximation, described by the massless Weyl equations. In order to take the
small mass into account, one has to consider the coupled system of equations (2).

2. Properties of the Majorana Representation (5+5=10 points)

The Majorana representation is defined as an imaginary representation of all four γ matrices,
which makes the Dirac equation real. It was shown in the lecture that for a spinor in Majorana
representation, ψM , the charge conjugated spinor is ψCM = ψ∗M . This implies that in Majorana
representation the spinor can be chosen real

ψ∗M = ψM . (5)

It means physically that a Majorana fermion is its own antiparticle.

(a) Connection between the chiral and the Majorana representations
We have seen in the lecture and in problem 1 above that in the chiral representation and in
the case of particles with rest mass m = 0 the Weyl spinors ψ, ψ̂ obey a set of 2 indepen-
dent equations, called the Weyl equations. Let us now impose the property of the Majorana

spinors ψCM = ψ∗M and the realness condition, Eq. (5), on the spinors Ψ =

(
ψ

ψ̂

)
, i.e., set

ΨC = Ψ∗ = Ψ, and show that this recouples the Weyl spinors ψ and ψ̂.

Hint: Use the definintion of the charge conjugation operator C = iγ2WK0, where K0 is the
complex conjugation operator and γ2W = iγ0 is the 2nd Dirac matrix in chiral representation,
as defined in the lecture.

(b) Lorentz invariance of the Majorana condition
In order for the Majorana condition Eq. (5) to be physically meaningful it needs to hold
irrespective of the reference frame, that is, it must be Lorentz invariant. To see this, we
know from the lecture that an arbitrary spinor Ψ(x) transforms as

Ψ′(x′) = exp

(
− i

4
ωµνσµν

)
Ψ(x) , (6)

where the same notation as in the lecture is used. Using the particular properties of the
Majorana spinor ΨM (x), show that it transforms in the same way as in Eq. (6).
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