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1. Scattering in one dimension (2+2+4+3+2+4+3+2+3=25 points)

Consider the scattering of a particle of mass m and energy E off a potential V (x) in one spatial
dimension.

(a) Derive, as in the lecture, the Lippmann-Schwinger equation for the total wave function
ψ(x),

ψ(x) = ψ0(x) +

∫ +∞

−∞
dx′G0(x− x′)V (x′)ψ(x′) (1)

using the stationary Schrödinger equation and the definition of the propagator Ĝ0 of the free
Schrödinger operator. Above, ψ0(x) = a eikx is the incoming plane wave, with k = k(E) > 0.

(b) Write down the general expression for ψ(x) in Born approximation up to 2nd order. Draw
the corresponding Feynman-like diagrams.

(c) Calculate the free propagatorG0(x−x′) in position representation by first solving its defining
equation in momentum space and subsequent Fourier transformation.

(d) For a sufficiently localized potnetial V (x), the particle becomes free for |x| → ∞. The
reflection and the transmission coefficients, R and T , are defined in terms of the incoming,
reflected and transmitted currents, j0, jr, jt, as R = |jr/j0|2 and T = |jt/j0|2. Show that
they can be expressed generally as

T = lim
x→+∞

∣∣∣∣ ψ(x)

ψ0(x)

∣∣∣∣2 , R = lim
x→−∞

∣∣∣∣ψ(x)− ψ0(x)

ψ0(x)

∣∣∣∣2 . (2)

(e) Derive the expressions for R and T in first Born approximation for a general potential V (x).
Discuss the range of validity of this approximation.

(f) Calculate the transmission coefficient T from (d) for the potential V (x) = V0δ(x) up to
second-order Born approximation. What is the small parameter of this approximation?

(g) The exact solution of the scattering problem from a δ-potential is known from elementary
quantum mechanics. Using the ansatz for the exact transmitted and reflected wave functions,

ψ(x) = ψt(x) , ψt(x) = te+ikx, x > 0 (3)

ψ(x) = ψ0(x) + ψr(x) , ψr(x) = re−ikx, x < 0 , (4)

show that

t =
k

k + imV0/~2
a , r =

−imV0/~2

k + imV0/~2
a . (5)
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(h) Calculate the exact transmission coefficient T and show that, in the limit of weak scattering
potential, the second-order Born approximation for T [problem (f)] reproduces the exact
result.

(i) Calculate the phase shifts, δt and δr, of the transmitted and the reflected plane wave func-
tions, respectively, relative to the incoming plane wave. Sketch δt(k) and δr(k) as functions
of the momentum k for fixed V0.
Hint: t = |t|e−iδt , r = |r|e+iδr .

2. The 1st Born approximation and Fermi’s Golden Rule (1+2+2=5 points)

We show that to leading order, time-dependent perturbation theory for an adiabatically slow-
ly time-dependent potential V (~x) can be related to scattering off V (~x). In three-dimensional
scattering problems, the differential cross section for the scattering of a plane wave with wave
vector ~k to a plane wave with wave vector ~k′ off a short-ranged potential V (~x) is given in first
Born approximation by

dσ

dΩ~k′
=

m2

4π2~4
∣∣∣V (~k − ~k′)

∣∣∣2 , (6)

where dΩ~k′ is the differential solid angle in the direction ~k′, m the mass of the particle, and

V (~q) =
∫
d3x e−i~q·~x V (~x) the Fourier transform of V (~x).

(a) Consider a time-dependent situation where the perturbation V (~x) is adiabatically switched
on and off. Recall Fermi’s Golden Rule for the transition rate of a particle from an initial
plane-wave state |~k〉 to a final plane-wave state |~k′〉.

(b) Calculate the differential transition rate to final states |~k′〉 by integrating over all ~k′ within
the differential solid angle dΩ~k′ . Obtain now the differential of the cross section for this
transition by normalizing the differential transition rate by the incoming particle current,
as in the definition of dσ/dΩ. Show that the result agrees with Eq. (6).

(c) Discuss why this first-order result is expected.
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