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1. Green’s functions of the Schrödingeroperator (2+5+5+3=15 points)

The retarded and advanced Green’s functions Grp(t) and Gap(t) are defined such that they des-
cribe forward in time or backward in time propagation only, i.e., Grp(t < 0) = 0, Gap(t > 0) = 0,
respectively. In this problem we analyze how these boundary conditions on the time dependence
are incorporated in Grp(t) and Gap(t).
In momentum representation, the Green’s functions of the time-dependent Schrödinger operator
are defined by (

i~
∂

∂t
− p2

2m

)
Gp(t− t′) = δ(t− t′) . (1)

(a) First solve Eq. (1) in frequency space and show,

Gr,ap (ω) ≡ Gp(ω ± iη) =
1

~ω − ~ω0 ± iη
, with ~ω0 =

p2

2m
, η > 0, η → 0. (2)

The infinitesimal imaginary part η is added in order to regularize the divergence for ω = ω0.

(b) Calculate the retarded Green’s function Grp(t) as the Fourier transform of Eq. (2) back to
time space with the choice +iη (positive imaginary part of the denominator). To do this,
use complex contour integration along a closed contour around the upper or lower complex
half-plane.

(1) Consider first the case t > 0. In which half-plane (upper or lower) do you have to close
the contour so that the integral is convergent?

(2) Consider now the case t < 0. In which half plane do you have to close the contour now?
Show, in particular, that Grp(t), as defined in this way, vanishes for t < 0.

(c) Calculate now the advanced Green’s function Gap(t) as the Fourier transform of Eq. (2)
with the choice −iη (negative imaginary part of the denominator). Distinguish again the
cases (1) t > 0 and (2) t < 0, and use the same techniques as in (b). Show that, with this
definition, Gap(t) vanishes for t > 0.

(d) Show that the Grp(t) and Gap(t), as calculated in (b) and (c), satisfy the resolvent equation
(1) for t 6= 0.

Thus, the sign of the infinitesimal imaginary part ±η in the Fourier transform implements the
temporal boundary condition on Gr,ap (t).
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2. 2nd-order Born approximation and optical theorem (5+4+8+3+5 = 25 points)
In metals, the Coulomb potential of a charged point scatterer is screened by the surrounding,
mobile electrons. The screened potential decreases exponentially for large distances and takes
the form,

V (~x ) = V0
e−κr

r
, r = |~x| . (3)

In particle physics, this form of the potential is also called Yukawa potential.
We consider, for this potential, the scattering of a particle with incoming momentum ~~ki and
energy E = (~~ki)2/2m = const.

(a) Show that the Fourier transform of the Yukawa potential reads,

V (~q) = −V0
2π

q2 + κ2
. (4)

(b) Show that in 1st-order Born approximation the scattering amplitude reads,

f (1)(θ, φ) = f (1)
(
~kf ,~ki

)
= −2mV0

~2
1

q2 + κ2
, (5)

where q2 = |~q |2, and ~q = ~kf −~ki is the transferred momentum. Draw the Feynman diagram
for this 1st-order scattering process and label each line with the corresponding momentum
variable. Sketch the dependence of f (1)(θ, φ) on the scattering angle θ.

(c) The 2nd-order term of the Born approximation for the scattering amplitude reads

f (2)(θ, φ) = f (2)
(
~kf ,~ki

)
= − m

2π~2
〈
~kf

∣∣∣V̂ 1

E − Ĥ0 + iη
V̂
∣∣∣~ki 〉, Ĥ0 =

~̂p

2m
. (6)

Calculate the forward scattering amplitude
(
~kf = ~ki ≡ ~k

)
for the Yukawa potential, Eq. (5),

in 2nd-order Born approximation and show that it reads,

f (2)(0, 0) = f (2)
(
~k,~k

)
=

2m2 V 2
0

~4
1

κ2 (κ− 2ik)
, (7)

with k2 =
∣∣~k ∣∣2. Draw the Feynman diagram for the 2nd-order scattering process and label

each line with the corresponding momentum variable.

Hint: It is convenient to work in momentum space. Use the residue theorem to perform the
integration.

(d) The optical theorem relates the imaginary part of the forward scattering amplitude to the
total cross section. Verify for the Yukawa potential order-by-order that the optical theorem
is valid in 1st and in 2nd order in V0. For that purpose, calculate the total cross section
up the the required order. Why is it necessary to compute f(θ, φ) up to O(V0

2) in order to
obtain a meaningful result?

(e) In order for the Born approximation to be valid, the higher-order terms must be much
smaller than the leading one. Compare the magnitudes of the first and second Born terms
for the forward scattering amplitude of the Yukawa potential, and find out the condition
for the validity for both, the low-energy (k � κ) and the high-energy (k � κ) cases.
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