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Exercises on Advanced Quantum Theory

Exercise 1
(Return: 24 Oct 2017, Tutorials: 26-27 Oct 2017)

1. Contra- and covariant Vectors 20 points

In the contra- and covariant formulation vectors are defined by their components xµ (contra-
variant) and xµ (covariant). The corresponding vectors and their correct notation are given
by

x =


ct
x
y
z

 x = xT g = (ct,−x,−y,−z) , (1)

where g is the Minkowski metric.
Hence, the scalar product in Minkowski space can thus be written as 〈x, y〉 = xνgνµy

µ = xµy
µ.

Indices appearing twice are summed over (Einstein convention).
A linear transformation x′ = Lx is defined by x′µ := Lµνx

ν .
The Lorentz transformations have been derived as those linear transformations that leave the
scalar product invariant. In the following, L denotes a Lorentz transformation.

(a) Express the statement of Lorentz invariance of the scalar prodct,

〈x, y〉 = 〈Lx,Ly〉 (2)

in terms of contra- and covariant components xµ, xµ, Lµν , etc.

(b) Prove the transformation law for the covariant vectors:

x′ = xL−1, (3)

and show
(L−1)

µ
ν = gνβL

β
αg

αµ =: Lν
µ . (4)

(c) The co- and contravariant derivatives are defined as follows:

∂µ :=
∂

∂xµ
∂µ :=

∂

∂xµ
. (5)

Show that these derivatives obey the covariant or contravariant transformation laws, re-
spectively, as given above. This means, these derivatives are the components of a covariant
or contravariant 4-vector, respectively.

(d) Why is the d’Alambert operator � := ∂µ∂
µ = ∂µ∂µ Lorentz invariant?

. . . / . . .
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2. Lorentztransformations and Electrodynamics 20 points

In this exercise we want to recall some aspects of special relativity and show that the Maxwell
equations are form invariant (“covariant”) under Lorentz boosts. Let a boost by the velocity v in
x-direction, β = v/c, be defined by the following transformations of the spacetime coordinates

t′ = γ (t− βx) , x′ = γ (x− βt) , y′ = y, z′ = z . (6)

(a) φ ∈ R and ~A = (Ax, Ay, Az)
T ∈ R3 shall be the electrostatic potential and the elec-

tromagnetic vector potential, respectively. They transform under Lorentz transformations
analogous to spacetime 4-vectors. That is, φ transforms as a timelike component and Ai,
with i ∈ {x, y, z}, as the i-th spacelike component of a Minkowski 4-vector. Determine the
transformations of the electric and magnetic fields ~E and ~B under a boost in the x direction.
Show, in particular, that the components of ~E and ~B form a Lorentz tensor of 2nd rank.
Hint:

~E = −∇φ− ∂ ~A

∂t
, ~B = ∇× ~A . (7)

(b) Show that Maxwell’s equations are form variant under boosts. Maxwell’s equations are given
by

∇ · ~E = 4πρ ∇ · ~B = 0

∇× ~B =
4π

c
~j +

1

c

∂ ~E

∂t
∇× ~E = −1

c

∂ ~B

∂t
, (8)

where ρ ∈ R is the charge density and ~j ∈ R3 is the electric current density. Charge density
and current density together form a Minkowski 4-vector, i.e., cρ transforms as a timelike
component, and ~j transforms as a spacelike vector.

(c) The classical (non-relativistic) Lagrangian for a charged particle in an electromagnetic field
is given by

L =
1

2
m~v2 − q ~A · ~v − qφ , (9)

where q is the charge and ~v is the velocity of the particle. Check whether L is invariant
under a boosts. Which quantity does the term, that breaks Lorentz invariance, correspond
to? What is the corresponding operator in quantum mechanics?
Hint: First write the Lagrangian in terms of Minkowski 4-vectors only.

(d) Derive the wave equation for electromagnetic waves of the electric field ~E from Maxwell’s
equations and show that it is explicitly Lorentz covariant.
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