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1. Dynamical, local correlations in a Fermi sea: Matsubara sum (20 points)
We consider a Fermi sea of non-interacting electrons with the dispersion εvecp and
a lower and upper conduction band edge ±D. For simplicity, we assume that the
density of states N (ε) is constant over the entire band, i.e.,
N (ε) =

1
Θ(D0 − |ε|) .
2D

Note that the step-like bhavior at the band edges is realized in two-dimensional systems. However dimensionality will not be further considered here.
R/A

a) Calculate the local R/A electron Green’s function G~r=0 (ω) =
R/A
ImG~r=0 (ω)

P

~k

R/A

G~k

(ω).

In order to perform this task, remember how
is related to N (ε).
Thus, the momentum summation need not be performed explicitely, and it
is not necessary to know the dispersion. Use the Kramers-Kronig relation to
R/A
compute ReG0 (ω).
The spatially local (i.e., ~r − ~r0 = 0), retarded density-density correlation function
(response function), as a function of time difference t − t0 , is defined as
χR
r − ~r0 = 0, t − t0 ) = −iΘ(t − t0 ) h[ρ̂(~r, t), ρ̂(~r, t0 )] , i
ρρ (~
where ρ̂(~r, t) = Ψ† (~r, t)Ψ(~r, t) is the electron density operator at an arbitrary position
~r.
b) Draw all Feynman diagrams contributing to χρρ (0, t−t0 ) and draw for all Green’s
functions the appropriate space and time labels.
Then draw all Feynman diagrams contributing to χρρ (0, Ω), i.e. the Fourier
transform w.r.t. time, and label all Green’s functions with the appropriate
energies.
c) Write down, for each diagram, the mathematical expression (including the correct sign) in Matsubara representation and perform the Matsubara sum, using
contour integration. In this way, calculate first the imaginary part ImχR
ρρ (0, Ω)
and the real part.
R
d) Draw ImχR
ρρ (0, Ω) and Reχρρ (0, Ω) as a function of Ω.

